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A METHOD TO COMPUTE THE FORCE
SIGNATURE OF A BODY IMPACTING ON A LINEAR
ELASTIC STRUCTURE USING FOURIER ANALYSIS

INTRODUCTION

NRL has historically been involved in defining shock design inputs for equipment aboard subma-
rines. A body, such as a torpedo, impacting on a structure, such as a submarine hull, is one subset of
this general class. This report presents a general method of determining the force signature of a body
impacting on any linear elastic structure.

Consider equipment which has been attached to a structure, for example a submarine hunl, that is
struck by a body such as an inert torpedo at one of the frames. The goal is to determine the force
exerted by the body impacting on the structure by using the measured response at various gae on the
equipment. In addition the impulse response at various gage locations is needed. The response to
impulse may be obtained by using a standard computer structural analysis code such as NASTRAN.

ANALYSIS

Consider responses recorded by gages at several points on the equipment. For a linear elastic
structure the response at point P due to a force at point K is the convolution of the force at point K
and the response at point P due to a unit impulse at point K. This is expressed as:

RPt) -fF(T) Ip(t' - T) dT

or:

Rp - FK * 1PK (2)

The convolution of two transforms in time domain is the inverse transform of the product in frequency
domain. Thus

Rp(s) - Fgc() Ipg(*) (3)

where Rp(w), FK(*), Ir(m) are the Fourier transforms of Rp(t), FX(t), and .IK(t). RP(W) for
example is defined by:

p(*,)- fJt p(t)e - " dt (4)

and its inverse transform by:

R,(r)- R,(a.)e'' do. (5)2w
In order to nuke use f a very accurate numerical method to ompute Fourier "ke and coil"

" ~transforms derived in a previous repor (111, It is neemary to express the transfonns in IS. (3) intem
! of sine ad cosine transforms and find the associated inverse transfoms Cose a sI dft d

: f(p) which is real and satisfies the Difkchlet conditions and the followtn8 interad exists

Mt-rtm ited _u. 7, 1982.
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Writing the Fourier transform of /(p) as:
F(w) - f(p)e - P dp - f f(p) cos pp 4, - I f(p) s p (7)

and defining

F()- Fc(a) - i Fs G). (8)
Writing the inverse Fourier tir~nafrm of- F(w) as:

1(t) -FOelotm - • (Fc - I F) (cos at + I sin at) do (9)f £7 f ) -

then rewriting16 ff
f(t)" f CF cos at do + Fs sint do

- f F fcosstds . f- Fc sin at do. (10)

Since Fs(w) - - Fs(-o), Fs is an odd function, and since cos a t is an even function the first integrand
on the second line of Eq. (10) is odd; because the interai is over the symmetric limits -o to +o it
vanishes. The second integrand on the second line is also odd and therefore both imaginary inttgals
vanish. The integrands on the top line of Eq. (10) we even and consequently:

-1f(t) f Fc cos cot do. + f Fs sin a t dw. (1)

Since for a physical system f(p) - 0 for p < 0 Fc(a) and F(w) become

Fc(to) - fo df(p) cos up d(12)

Fs(u) "- f0o () sin p* (13)
where FC end Fs are now the familiar Fourier cosine and sine transforms. If f(p) is an even function,
from Eqs. (7) and (9):

f() " f :: - f(p) cos p cos ot ddo (14)

which may be written as:
2 4

fc() - fo Fc(a) cos atd (15)

and is the inverse Fourier cosine transform. This transform and the Fourier cosine transform:

Fc(a) -f"fc(P)cOS p o) I
make up a convenient transform pair. If f(p) is an odd function from Eqs. (7) and (9)

f(1) - fC f.i f(p) sin up sin at P do(

which may be written as:

f$(t) ifo Fs(&) sin at do

and Is the Invcem Fourier sine tranaform. This tranaform and the Fourier die wa, for

wsa, sn .,#,s !p* UP

make up transform pair. Returning to Eq. (3) &M writing in terms of sine and cosine tranuaib

C ' - ifts), Ve - I F)x IC - U1sip. (20)
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Dropping the subscripts for convenience. when dpling with only m raspowpapnt in thb deriva-
tion, yields, when setting real and imainary parts eqtual:

&in Fc -Fslr (21)
and

R umCIS + FsC; (2

where &t is the Fourier cosine transform of the response,
Rs is the Fourier sine transform of the response,
'c is the Fourier cosine transform of the computer developed response to impulse,
s is the Fourier sine transform of the computer developed resoine to Im~pulse.,

Note this is impulsive response at P due to unit impulse at K when A is response -at P and the impact
force is at K.

Solving for the Fourier transforms Fc and FS yields

Rcc sc Fc (c). Fourier cosine transform (23)

and,

F5'" s~ c-RI Fs(oi); Fourier sine transform, (24)

functions of ~

For a forcing function f W) undefined for t < 0 one need not consider f(t) before t 0 and may
choose f(t) to be even, odd, or neither. The impact force may then be obtained from Eqs. (11). (15)
or (18). Typically one would compute both Fs(w) and Fc(ow) and depending on which transform con-
verged toward zero faster choose either the inverse cosine transform (Eq. 05)) or inverse sine
~ansform (Eq. (18)) to get the time history of the impact force.

The process is then repeated for the 2th point, etc., and a set of estimtes can be built up. The
spread present in them is then a measure of how well the computer model of the srcueeupan
fits the real World.

COMPUTATION OF FOUR IER SINE AND COSINE TRANSFORM AND i1"901,
TRANSFORM

In Ref. III it is shown that the Fourier cosine and sine trasfom computed over a Sft. thu. To
of a function f(t) expressd as:

PC (a) fQ f(:) coo.:d at
AS() f(t) sn. (t26)

may be computed from:

-'-cosT*-Cos sinor#

3



where I is the displacement response of a linear oscillator

ais the circular frequency (radsts)
To is the end of the time interval

The problem of finding the transforms resolves itself into finding X(To) and X(TO) for a given
value of w. To and f(To) are known. The process is repeated for a number of eenly+ scd viue of
w, over the desired range. The method to find 1(To) and I(To) is the numerical integration scheme
presented in [I1 but with some trigonometric suaskitudoo Privet ComPUter prWdn 000b .

The integration scheme is as follows: "

Si 0A_ 2s, sn (o 2)XI+l X. Cos, a h + -- ....
a 2h

-s c l (h/2) - 9M"whl (29)-S I 402/ Oh 2 J
4'+, --AX, sin toh + I,. co o - S.,,

sith

2  2 to/2) sin ah (30)

where h is the time increment, and S. - f+i - fA and SS_ - fn+t - 2f4 + f.li-.

The inverse Fourier cosine and sine transforms, defined by:
fc(t) - 2 -f Fc(t) cos"0 dFo (31)

f 2(t) M -- .,(0) s.n #ot dw (32)

may be computeW in an exactly analeous way by lettinga become , To become W0, and h becomit
the increment in w in Eqs. (29) and (30) and multiplying the final result by 2/w.

The numerical integration method has two types of error present: ktheret and round off. For
tranforms invelving functions which have a finite number of IXte diOMcotifites and too be exactly
described by a set of stmight lines or parabolic arcs the method has no inherent error. The nmerlical
integration equations for the case above will give exactly the transform value except for ound off error
at any 6 regardles of the incrment size .h(t). For other function the dos* the xls
curve lies to the true function the more exact the transform.

An alternative method to compute Fourier trafom is the fast Feuder tea n or FFT., Some
drawbck are that with the FFT the function muist be lont enough to get the derId ftWqooacy luce-
ment Am and the number of frequencies or smles must be a power of 2. With this m ..od one sim-
ply cihoses a A* and the number of frequencies desired; or one may camute the trdnffOt t any
desired frequency. With the FFT the frequvies are restricted to multipls of A& -ad one cannot
obtain transform values at frequencies in betwen samples except by dca the sip e s 1cft or
Interpolation.

TWO DEMGRE oF f DOW SYs9M TO T"ST 1 -OCESSIGAThUt

In order to we the metod to reconstruct the force sigmsu, a 2 Veq 0 d 0 s uh IMa
shown In ft I coeslstIng of 2 coupled wowdem 1* empyed m . Ia
driven bya fore of known shpe and the response of both a a lulad to ti f ar. In ai
ton the neam. of th mvms to a unit Impul ls Iso callted. Kowt Ml ie m w me to. aee

4 '..,|
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r ar ) - 100- 40 q-) 0 < r .025 s

TL e 2mderm. fTeson s strM I IM bftet hy a wo

MI.YI + CIA1 + K20y1 Y 2) + kIY1 -0
For the following test cases the following parameters are used:*

M 2 l Ilb- 2 in K2 - 270mt in C 2oin - 1lb/ in,
M, - 2bS2/ln K, - 900 lbs/in C - 200 lb-s/in

Case1: fraauu Fome

A pao idc input force of form:

F(t) -16000(t- 40 P) 0 < t 4.025 s
Fet) -o 0 t >.02s , . n

a shown in Fig. 2a is applied. The exact analytical solution is obtained for yj ad y2 by the tvbod of
Laplace transforms. The solution is straight forwad but lengthy and will not be shown here.

The solution for 71 and y2 where the force is a unit impulse is also obtained by Laplace
transforms. Using a, computer program, the siae and cosine transform oCO -h ame pvt@Y 10
impulse and rusponse to the parabolic force are comnputed from Eqs. (27-3Q)- where. tbe end adt the time
interval re is .3 s, h tht time 16cretmnt is .0025 s ano the frequency o ranges fral to0200P raft l
Increments of 5 rads/s. Then transforms are Owln combined according tO,,Ep.L (2.1) a"A204,b A&II di~te sine and, cosne transforms of the forc shown in igs. ;b, aj)d 2c. The a ti m
obtained using the same equations as for the forward trnsforms Eqs. (27-30) where the end of the fre-
quency interval We is 2000 reds/s, Am is 5 rad/s and the time ranges from 0 to . a in V .
.0025 s. The inverse tranforms are combined according to Eq. (11) to otain the force nm history
shown in Flu. 2d. By comparing Figs. 2a aWd 2d, it an boe~ hat t enufqssiemn
stt o r very vial The Isam agemn aso1ie fteraouso ~sue ~
tMt the for e. it Amiol be tha o t rm e t. frce tttm tinu

have the resonse out to a lawtter tim + r For examp&e, in the toasie wdeipiae~
response to fome wlre used out to .3 s to reconstrt dhe force time history out to . aC

Cut II: ows aMP Fam

A down raftpInWu force of foirm: e

F() - 100. - (100/.023)t 0 < t 4 .025 s
F(I) - 0 t > .025 s

as shown In Fig. 3 is applied. In order to avoid resaicu g long analy"a olutioas ft aeh I t
tfoe a frth order ftUapSI-Wt Aa erl metd MAIis used to com te ie aspesof th 166MW
tow. however tde aub*a sutoso for the Irapiu mepase ks nseotaaorst ae
and Meoe a"u In CMs I we tace ad doheN seam red-r 0 b wed to obtaln O1St ee
she aon In rip Ab -o 3r. ins cooks uumm as ups...d esverps ams t w ai&
msfom Figure 3 o dhw to ofmi qat s map t " n aid ooine arm ns 9ee
MM fiet. FIgure). amew an impe s ten* "by uslag **O .11 Oait am.ina
WW fON" "0e Imreveus of Oft a* toe Iuift vUwfOM ilat do tvftsks 1* t
lou w s Wuss Am* Mem #bw 4AMS *t so ISMWe'tte



reflection of the down-ramp function around the y axis is -considered, the function becomes voog and so
only the casino transform is required in the inverse taorm. When the inverse transform it tken by
using Eq. (15), the cosine transform, because it converges faster than the sine transform refu-ft
the function for t o 0 more accurately than both transforms together as in Eq. II. Since the forcing
function doesn't exist before t - 0 the, inverse transform should not be considered before t - ; in the
above case the ramp before t - 0. For an unknown fore both the sine and cosine transforms may be
examined and the one which converges faster may be used for the inverse transform for t )I 0.

Case III: Dampe Sim Fore -m

A damped sine wave input force of form:

F(t) - (1. - t) sin 4r/t 0 < 14 .025 s, T- .025 s

F(t) - 0 t > .025 s

as shown in Fig. 4a is applied. As in Case If the response to the force is calculated using a Runge.-
Kutta method. The same procedure as with Case 11 is used to calculate the sine and cosine transform
of the force, shown in Figs. 4b and 4c. The force reconstructed by using both transforms is shown in
Fig. 4d.

Case IV: Expmnetlal Decaying Force

A decaying exponential input force of form:

F(t) - 100 e- 5° °' 0 < t < 00

as shown in Fig. Sa is applied. As in Case III the response to the force is calculated using a Runge-
Kutta method. The same procedure as in Case III is used to calculate the sine and cosine transform of
the force shown in Figs. 5b and 5c. The force reconstructed by using both transforms is shown in Fig.
5d. The force reconstructed by the cosine transform above shown in Fig. 5e is closer to the input force
because the cosine transform converges faster than the sine transform.

SUMMARY

An accurate method has been presented to compute the force signature of a body impacting on a
linear elastic structure. The various input forces applied to a two degree of freedom system were ill
reconstructed with good accuracy, and assuming that that accurate impulse responses could be obtained
the method would work equally as well on a complex multi-degree of freedom structure.

Refencme

1. O'Hara, G.J., "A Numerical Procedure for Shock and Fourier Analysis," NRL Report 5772, June
1962.
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